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Abstract. Pulse-echo ultrasound signal formation can be simulated by
numerical emulation of the process chain: emit signal – electromechani-
cal emit transformation – wave propagation and scattering – electrome-
chanical receive transformation – receive signal. The simulation soft-
ware Field II is indented for simulation of linear ultrasound systems.
We present an extension to Field II that enables the inclusion of nonlin-
ear oscillations of ultrasound contrast agent bubbles into the simulation.
An example is given for contrast agent enhanced imaging of a virtual
vessel phantom probed by a linear array transducer.

1 Introduction

Ultrasound contrast agents consist of gas-filled microbubbles whose radii oscillate
when exposed to sonic waves emitted from an ultrasound transducer. Simulation
enables evaluation of novel contrast imaging modalities with respect to different
transducer geometries, electronic settings and irradiated phantoms as well as
various concentrations and types of contrast agent, without costly experiments.

The software package Field II [1] has become a standard tool in the simula-
tion of ultrasonic pulse echo imaging. This software is limited to the simulation
of linear passive scattering from tissue inhomogeneities. However, the physics
of bubble dynamics is nonlinear and can therefore not be modelled within the
Field II framework. Approaches to overcome this limitation have been under-
taken, but are either limited to linear bubble oscillation [2] or rely on empirical
data that has to be acquired prior to the simulation [3]. We present an extension
to Field II that enables inclusion of signals originating from nonlinear contrast
agent bubble oscillations. Our approach is entirely derived from basic physical
relations what makes empirical modification dispensable.

2 Materials and Methods

2.1 Basic Physical Relations

The process of contrast agent enhanced medical ultrasound imaging is deter-
mined by the physical relations in three coupled physical domains: The ultra-
sound transducer, the propagation medium, i. e. the human body, and the gas
phase inside the contrast agent bubbles.
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Electromechanical Transducer Behaviour Assuming linearity, an ultra-
sound transducer can be characterized by a four pole model that relates the
force F (ω) onto and the velocity V̄ (ω) of the transducer’s front face St, to volt-
age E(ω) and current I(ω) at its electrodes [4]. For a fix electrical impedance
and a time invariant radiation impedance, it can be reduced to a two pole model.
Making a distinction between transmission and reception for convenience it reads

V̄ (ω) = Htrm(ω)Eexc(ω) ⇒ v̄(t) =htrm(t) ∗ eexc(t) (1)

Erec(ω) = Hrec(ω)F (ω) ⇒ erec(t) =hrec(t) ∗ f(t), (2)

with ∗ denoting convolution 1. Voltage and force are coupled by the electrome-
chanical transfer functions Htrm(ω) and Hrec(ω) for transmission and reception
respectively in frequency domain or the corresponding impulse responses htrm(t)
and hrec(t) in time domain.

Wave Propagation Under linear conditions, propagation of pressure waves
p(r, t) inside a medium with density ρ(r) and compressibility κ(r) is described
by [5]

∇
(
ρ(r)−1∇p(r, t)

)
− κ(r)p̈(r, t) = 0 (3)

For a homogeneous medium with density ρ̄, compressibility κ̄, and speed of sound
c̄ = (ρ̄κ̄)−

1
2 wave equation (3) reduces to

∇2p(r, t) − c̄−2p̈(r, t) = 0 (4)

Bubble Dynamics Under equilibrium conditions p(r, t) = p0, the radius of a
single spherical gas-bubble immersed in an incompressible homogeneous fluid is
R(t) = R0. The bubble dynamics is modelled by the Rayleigh-Plesset equation

ρ̄
(
R(t)R̈(t) + 3

2 Ṙ(t)2
)

=

(
p0 +

2σ

R0
− pv

)(
R0

R(t)

)3γ

− 2σ + 4ηṘ(t)

R(t)
+pv−p(r, t)

(5)
which relates a varying pressure p(r, t) to oscillation of R(t) [4]. Besides its
density ρ̄, the surrounding liquid is characterized by its dynamic viscosity η
and vapour pressure pv. The quantity σ is the surface tension of the liquid-gas
interface, and γ denotes the polytropic exponent of the gas inside the bubble.

2.2 System Model

To model the process of pulse-echo signal formation, the pressure field p(r, t) is
decomposed into three different fields: The incident pressure pi(r, t) would be
present in a homogeneous i. e. scatterer and bubble free medium due to radiation
from the transducer, the fields ps(r, t) and pb(r, t) are the additional pressures
from passive scattering and active bubble emission.

1 The function arguments t on the right hand side indicate that two functions of
time are convolved. This notation shall not imply that the convolution at time t is
computed solely from the function values at time t.
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Incident Pressure Field The incident pressure pi(r, t) originating from a
transducer at position rt is calculated by a Green’s function solution to the
homogeneous wave equation (4). If the transducer is assumed to be placed in an
infinite rigid baffle Sb, the boundary conditions are

∂
∂n
pi(r, t)

∣∣
r=rt+s

=

{
−ρ̄w(s)∂v̄(t)

∂t , (rt + s) ∈ St

0, (rt + s) ∈ (S \ St)
(6)

Here n denotes the normal vector onto transducer surface St and s points to-
wards any position on the transducer surface or baffle. Position dependency of
the transducer displacement is accounted for by the surface velocity distribution
function w(s). The Green’s function solution to this problem is [6]

pi(r, t) =

∫∫

St

∫ t

0

2w(s)
∂v̄(τ)

∂τ

δ(t− τ − |r − (rt + s)|/c̄)
4π|r − (rt + s)| dτ ds (7)

By defining a spatial impulse response

hspt(r, t) =

∫∫

St

w(s)
δ(t− τ − |r − (rt + s)|/c̄)

4π|r − (rt + s)| ds (8)

and using the electromechanical relation (1), the incident pressure is given by

pi(r, t) = 2ρ̄e(t) ∗ htrm(t) ∗ ∂
∂thspt(r, t) (9)

Scattered Pressure Field The left hand side of the homogeneous wave equa-
tion (4) is subtracted on both sides of its inhomogeneous counterpart (3) to
derive the component of the pressure field due to an inhomogeneity q [7]:

∇2psq(r, t) − c̄−2p̈sq(r, t) = c̄−2
(

κ(r)
κ̄ − 1

)
p̈(r, t) −∇

[(
ρ̄

ρ(r) − 1
)
∇p(r, t)

]

≈ Vq c̄
−2
[(

κ(rq)
κ̄ − 1

)
+
(

ρ̄
ρ(rq) − 1

)
cosΘq

]
p̈(rq, t) (10)

Comparison with (4) shows that the scatter act as a source to the homogeneous
wave equation. The approximation has been made by lumping the scatterer
with volume Vq and irradiation angle Θq into a single point at rq [7] and using
the paraxial approximation [6, 8]. This is tolerable if the scatterer is small and
sufficiently far away from the transducer.

Bubble Emitted Pressure Field Equivalently to the scatterers, the bubbles
are modelled as point sources that radiate into a homogeneous medium:

∇2pbq(r, t) − c̄−2p̈bq(r, t) =

(
p0 +

2σq

R0q
− pv

)(
R0q

Rq(t)

)3γ

−
(
p0 +

2σq

Rq(t)
− pv

)

(11)
The right hand side source term is the pressure just beyond the wall of a gas-
bubble q [4]. The time varying bubble radius Rq(t) depends on the pressure
p(rq, t) and can be obtained from the Rayleigh-Plesset equation (5).
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Total Pressure Field The incident field in a pulse echo system is travelling
outwards and does hence not contribute to the force onto the receiving trans-
ducer. The total echo field from all Q scatterers and bubbles is thus obtained by
the Green’s function solution to (10) and (11) respectively [6, 7]:

p(r, t) =

Q∑

q=1

∫ t

0

Rq

{
p(rq, τ)

}δ(t− τ − |r − rq|/c̄)
4π|r − rq|

dτ (12)

The operator Rq{ · } acting onto pressure p(r, t) denotes the source terms, i. e.
right hand sides in (10) or (11). If the fields ps(r, t) and pb(r, t) are weak com-
pared to the incident field pi(r, t), the latter can replace the total pressure field
p(r, t) on the right hand side of (12), what is known as Born approximation [6].

Force onto Receiver An ultrasound transducer is sensitive to the force

f(t) =

∫∫

St

w(s)p(rt + s, t) ds

=

∫∫

St

w(s)

Q∑

q=1

∫ t

0

Rq

{
pi(rq, τ)

}δ(t− τ − |rt + s − rq|/c̄)
4π|rt + s − rq|

dτ ds (13)

that acts onto its surface St. The spatial dependency of the transducer’s receive
sensitivity is equal to the surface velocity distribution w(s) in transmit mode
[8]. The spatial impulse response (8) can be used to denote (14) in a short way:

f(t) =

Q∑

q=1

Rq

{
pi(r, t)

}
∗ hspt(rq, t) (14)

Receive Signal The electromechanical receive dynamics (2) and the models of
the subsystems (9), and (14) can be connected to an overall system model:

erec(t) =

Q∑

q=1

Rq

{
2ρ̄eexc(t) ∗ htrm(t) ∗ ∂

∂thspt(rq, t)
}
∗ hspt(rq, t) ∗ hrec(t) (15)

2.3 Implementation

A program that computes the signal processing chain from the exciting volt-
age eexc(t) to the receive voltage trace erec(t), as described by (15), has been
developed in Matlab (The Mathworks Inc., Natick, MA, USA).

For most transducers, analytic solutions for the spatial impulse responses are
unknown. To compute (8) Field II, which provides a powerful numerical method
to calculate impulse responses for numerous transducer geometries [1], is used.

The program solves the Rayleigh-Plesset equation (5) numerically by a vari-
able order method for every combination of bubbles and aperture elements. To
increase the simulation speed, a critical level for the incident pressure has been
introduced below which computation of the bubble oscillation is omitted.
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Fig. 1. Simulated B-mode images without (left) and with contrast agent (right)

3 Results

To test the simulation program, an ultrasound machine with a 256-element lin-
ear array and 3.5 MHz centre frequency has been emulated. In Fig. 1 simulated
B-mode images of a blood vessel with 15 mm diameter are shown without and
with contrast agent enhancement. The virtual phantom consists of 30 000 ran-
domly distributed scatterers that mimic the vessel walls and surrounding mus-
cular tissue and 1000 air-filled bubbles with normally distributed radii (mean
R̄0 = 1µm, standard deviation sR0

= 0.3µm) as contrast agent.

4 Discussion

Combination of a numerical solver for the Rayleigh-Plesset equation with Field II
can consistently simulate contrast agent enhanced ultrasound imaging. The pro-
gram is useful for the development of novel contrast agent imaging methods.
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